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For classes of functions with convergent Fourier series, the problem of estimating
the rate of convergence has always been of interest. The classical theorem of
Dirichlet and Jordan for functions of bounded variation assures the convergence of
their Fourier series, but gives no estimate of the rate of convergence. Such an
estimate was first provided by Bojani¢. Here we consider this problem in the case
of functions of two variables that are of bounded variation in the sense of Hardy
and Krause. The Dirichlet-Jordan test was first extended by Hardy from single to
double Fourier series. Now, we provide a quantitative version of it. We prove our
estimate in a greater generality, by introducing the so-called rectangular oscillation
of a function of two variables over a rectangle. © 1992 Academic Press, Inc.

1. INTRODUCTION: FUNCTIONS OF BOUNDED VARIATION ON THE PLANE

Throughout the section, let J:=[a, »] and K :=[c¢,d] be two fixed
intervals in R. We remind the reader of an appropriate notion of variation
for a complex-valued function defined on Jx K. Of the many possible
notions (sce [1]), the one tailored to the present purpose is that due to
Hardy [7] and Krause. (See the discussion in [8, Sect. 2547.)

Given two partitions

Da=x<x,;< - <Xx,=b and Drc=po<y, < - <py,=b

and a function f:Jx K— C, we form a rectangular grid 2 :=9, x %, on
Jx K and set

m—1 n—-1

D(f} = Z Z |f(xj»Yk)'f(xj+1’Yk)_f(xf,)"k+1)+f(xj+1,)’k+1)|-

Jj=0 k=0
We define the (total) variation of f on Jx K by

var,(f, J x K) :=sup{2(f): Z is a rectangular grid on J x K} (1.1)
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and say that fis of bounded variation (in the sense of Hardy and Krause)
if each of the numbers

var,(f, J x K), var,(f(-, c), J), var,(f(a, -}, K)

is finite. Here the last two quantities are the ordinary variations of the
single variable functions f(x, ¢) and f(a, y), respectively. For instance,

var,(f(-, ¢), J) :=sup{Z\(f(-, ¢)): Z, is a partition of J}, (1.2)

where

m—1

DS e)) = 3 1f (x5 ) =[x 0. 0);
=0

and var,(f(a, -), K) is defined analogously.

We denote by BV(Jx K) the collection of all functions f:Jx K— C of
bounded variation. As is known (see [2]), BV(Jx K) is a Banach space
with the norm given by

AN ==1/1a, o)l + var (f(-, c), J) + var(f(a, -), K) + var,(f, J x K).

A few remarks about the above definition are in order. Let fe BV(J x K).
Then it is easily checked that f is bounded on J x K satisfying

AN e=sup{1f(x, ) (x, p)e Ix K} < I f1I.

Furthermore for each fixed xeJ and y € K, the marginal functions f{(-, )
and f(x, -) are of bounded variation on J and K, respectively, with

var,(f(-, ¥ J)<|IfIl and  var(f(x, ), K)< IS

Thus, we can replace ||| by many equivalent Banach space norms.
For example, the term f(a, ¢) can be replaced byf x, y) for any (x, ))
JxK or by |fll., and the term var,(f(-,c),J) by var,(f(-,v),J) or
sup{var,(f(-, y),J): ye K}, etc.

It is also easily verified that if £ is twice continuously differentiable in
both variables, then fe BV(J x K) and

b af ()
170 =11t ol + |2

b od 53}0(’)
+J,, Jl é,xvéy‘

P

de

dx dy.

Finally, analogously to the one-dimensional case, it is also true that the
limit

S(x+0,y+0) :=lim{f(x+u, y+v):u,v—>0and u, v>0}
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exists for all (x, y)e [a, b) x [ ¢, d). Similar statements are true for the limits
Slx—=0,y+0), f(x+0,r—0), and f(x—0, y —0), as well. Accordingly, if a
function f: R>— C has period 2n in each variable and is of bounded
variation on the two-dimensional torus T,:=[—n,n]x[—=, =], then
each of the four limits f(x £ 0, y +0) exists for all (x, y). Concerning these
properties, we refer the reader to consult with [5-8].

2. DOUBLE FOURIER SERIES AND PRELIMINARY RESULTS

Let /:R* = C be a function, 2n-periodic in each variable and integrable
over T2, We remind the reader that the double Fourier series of £ is defined
by

x bs
YOS ettt (2.1)
j=—x k= -—x
where

—— l " a — il ju + kv) , ; — _
c,k.—mj_njiﬂf(u,t)e dude  (Gk=..—1,0,1,.). (22)

We consider the double sequence of symmetric rectanguiar partial sums

" n

Smn(f» X5 }') = Z Z ('jkei“"—*-k” (m,n= 0, 1, ...} (23)

j=—m k= —n

In this paper, we assume that f is a function of bounded variation on T?
in the sense of Hardy and Krause. Then the representation

1 ATl AT
Sunl o6 0) =550 =5 | | Gl 0) D) Do) e (24)

is an easy consequence of (2.2) and (2.3), where

s(fy %, 3) =4 fx+0,y+0)+ f(x—0, y+0)
+flx+0,y—=0)+ f(x—0,y—0)}, (2.5)

rf(x+u,y+u)+f(x—u,y+v)+f(x+u,_v—v)
+flx—uy—v)—4s(fix,y) if u,v>0

Six+0, y+0)+f(x—=0,y+0)+ f(x+0,vy—0)

o lu,v) = < +flx=0,y—v)—~4s(f,x,y) if u=0 and v>0; (2.6)
flx+u,r+0)+ flx—u, y+0)+ f(x+u,y—0)
+flx—u,v—-0)—ds(f,x,y) if u>0 and v=0;

\ 0 if u=v=0;
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and

_sin(m+1/2)u

1 m
D == iU = - =0,1,..
wli) =3+ ) oS U= (m )

is the well known Dirichlet kernel. In particular, if f is continuous, then

b v)=f(x+uy+o)+flx—uy+o)+fx+uy—r)
+ flx—u y—v)—4f(x, y).

Now, it is not difficult to see that ¢, is always continuous, especially

lim ¢ (4 v)= lim ¢, (u,0)= lim ¢ (0,v)=0. (2.7)
u— +0 . 0 }

wr -~ +0 } r— +

This is the reason that representation (2.4) plays a crucial role in the proofs
of Section 5.

Hardy [7] proved the following extension of the Dirichlet-Jordan test
(see, e.g., [10, p. 57] from single to double Fourier series.

THEOREM 1. If f is a function of bounded variation on T*, 2n-periodic in
each variable, then its Fourier series (2.1) converges to s(f, x, y) at any point
(x, 1)

By convergence we mean the convergence of the symmetric rectangular
partial sums s,,,(f, x, y) in Pringsheim’s sense, i.e., when m and # tend to
oo in (2.3), independently of one another.

Zhizhiashvili [9, p.223] rediscovered this result with the suppiement
that if f is continuous on a rectangle R, then its Fourier series (2.1)
converges to f(x, y) uniformly on any rectangle R, inside R. In addition,
he proved that Theorem 1 remains valid if convergence is replaced by
(C, a, B)-summability, where «, §> — 1 are fixed real numbers.

3. NEw RESULTS

We begin by recalling the definition of (ordinary) oscillation of a
function A:J— C over a subinterval J| of J, which reads as

osc,(h, J,) :==sup{|h(t)=h{c)|:t, ' e ], }.
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Now, we introduce the notion of rectangular oscillation of a function
f:Ix K— C over a subrectangle J, x K, of Jx K by setting

osCy(fo Jy x Ky) i=sup{| flu, v) — flu', v) — flu, v') + f(u', )] :
wuelv, v ek}

In the sequel, we will distinguish the subintervals of the nonnegative half
of the one-dimensional torus T:=[ —n, n]:

m e

. 1
T ,(j+ )n (j=0,1,. ., mm=0,1,..).

m+1 m+1
Our first result is a basic estimate of the rate of convergence of the
rectanguliar partial sums of the Fourier series (2.1).

THEOREM 2. If f is a bounded, measurable function on T2, 2n-periodic in
each variable, such that the four limits f(x +0, y +0) exist at a certain point
(x, y), and the four limit functions f(x+0, -) and f(-, y £0) exist, then for
any m, n =0 we have

|Smn(./; X, }') - S(f; X, V)l

<1+ + ) Z Z moscz((ﬁ”, IijIkn)

jOI\O

1
+<1+;)/_§0j+—loscl(¢x( 0. 1,,)

I\ & 1
+<1+n> Y 7 o0, ) L) (3.1)

k=0

We remind the reader that s(f, x, y) and ¢,, are defined in (2.5) and (2.6),
respectively.

We note that the counterpart of (3.1) for single Fourier series was
proved by Bojani¢ and Waterman [4].

We will also use the following notations: for functions f:T?— C,
h:T->C, and 0 <u, v <7 we write

Vol u,v) :=vary( f, [0, u] x [0, v]),

(3.2)
Vi,(h, u) :=var,(h, [0, u])

(cf. definitions (1.1) and (1.2)). Now, our second result, which is a
particular case of Theorem 2, reads as follows.
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THEOREM 3. Under the conditions of Theorem 1, for any m,n=0 we
have

S mn(Ss X, ) — s(fs %, p)]
< 4(1+2/m + 1/n?)

Z Z V2<¢\w_~’_>

(m+1)(n+1)y = T
2(1+1/m) T
+ n1+1 ,gl Vl <¢\'|( ’ ) j>
2(1+1/7z)

T v, <¢ ) Z) (33)

n+1l =
Since the continuity of ¢,,.(u, v) at u=v =0 implies that

lim V,(¢,,,9d,e)= lim V,(¢,.(:,0),0)= lim V,(¢,(0,-),e)=0

d,e—+ +0 3—+ +0 e— +0

(cf. (2.7)), the right-hand side of inequality (3.3) converges to 0 as m, n tend
to co. In this way, Theorem | is an immediate consequence of Theorem 3.
Therefore, Theorem 3 can be viewed as a quantitative version of the
Dirichlet-Jordan test for double Fourier series.

We note that the counterpart of (3.3) for single Fourier series is due to
Bojani¢ [3].

4. AUXILIARY RESULTS

LEMMA 1. For any 0 <x<m and m=0 we have

n T
D dy| < —————. 4.1
| Datu e <o (4.1)
We give only a hint of the proof as
n T—x Gsingx & osingx
) Kooy SE
v i=m+1 J

then apply a summation by parts to the right-most series.

For the reader’s convenience, we state the relevant results for single
Fourier series in the form of Lemmas 2 and 3. To this effect, let #: T - C
be a 2r-periodic function such that the two limits

lim A(x+1)=h(x+0) (4.2)

t— 40
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exist. We set

e _{h(.\‘-{—t)+h(x—r)—h(x-{-O)—h(x—O) if >0,
(1= 0 if r=0.

LEMMA 2. (Bojani¢ and Waterman [4]). If h is a bounded, measurable,
and 2m-periodic function such thar the limits in (4.2) exist at a certain
point x, then for any m=0 we have

nt

1 / 1 1
< + - E — OSsC l//\,,[m. 4.3
(1 )/ Oj 1 S l( R ¥l ) ( )

—fnwxnamu)m

s

Actually, Bojani¢ and Waterman [4] used a weaker version of (4.1) and
found (4.3) with the factor 1+ 2/n instead of 1+ 1/7.

LemMma 3 (Bojani¢ and Waterman [4]). If h is a function of bounded
variation on [0, ], then

n 1 2 m 7[
— h1,)< Vith —=). 44
on_l_ p osei(h 1) oy 1/; 1< j> (4.4)

Actually, inequality (4.4) was proved in [4] in a more general setting,
namely for functions of generalized bounded variation.

5. PROOFS

Proof of Theorem 2. We start with representation (2.4) by writing ¢
instead of ¢,,. It is plain that

smn(f’ X, _V) - S(ﬁ X, }‘)

1 m o .
=1 jo 161, v) — $(u, 0) — $(0, )} D, (u) D,(v) du dv

4o |7 64,0) D, () di
2n 0

1 ¢=
+£ Jo @0, v) D, (v) dv

= Apy+ B, +C,. say. (5.1)

First, we treat 4,,,. To this effect, we introduce the auxiliary function

glu, v) :=¢(u, vy — ¢d(u, 0) — ¢(0, v). (5.2)
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Clearly, g(u, v) is also continuous and, in addition, for any u, v >0

glu, 0)=g(0, v)=g(0,0)=0.

Besides, we will use the notation

0 = mjj_ 0 (j=0,1,...mm=0,1, ..)

Then j"l [ jm> ]+1m]
We decompose the double integral defining A4, as

w4, =j j g(u, 0) D, () D, (v) du dr

Tom ~lon

+ 3 [ [ {8 0) =g, 0)} Do) D, (o)

1 I/m On

[ ] &0, 0) D) D0} dut o
| ] {800 0) =g 00)} D) D,(0) d e
j J g(u, 8,,) D,(u) D,(v) du dv

J[ {g(u* v)_g(ojm’ U)_g(u’ gkn)+g(01m, Bkn)}

i=1 k=1 "Im
x D, (u) D,(v)dudv

m

+3 % [ ] {80400 800 64} Do) Do) du

jlkllm

+ Z z J‘ J {g(u» Bkn)_g(ejm’ekn)}Dm(u)Dn(U)dudu

j=lk=1"1m " ln

+Z Z f f 8(0,,, 0n) D,,(4) D, (v) du dv

J=1 k=1 "Im “la

=:A1+A2+ "'+A9, Say. (53)

In the sequel, we frequently use the inequalities

1
|D,(u )I<mm{m+2 2"} for O<u<m. (5.4)
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By this and (5.2),
1
|4, €osc.ld, I, x I,) l J <m+—)<n+ ) du dv
Tom ¥ fon 2 2
S TEZ OSC2(¢7 10m X 1011)'
By definition,
g(Ll, U)—- jm’v)—¢(u L ¢ /mvl ¢(u 0)+¢( jm’

Thus, by (5.4),

|A1 Z 0sC, ¢ IOmXIOIz)J J. ,.’g <n+2> du dv

f=1 I “don <V jm

m

|
<7 Z _-OSC2(¢7 Ilm X IOn)
/=12] »

<7 — o0s¢s(¢. I, x I,).
/gl +1 _(¢ j O)

Setting

R, :=f D, (u) du,
! a

i

by virtue of Lemma 1, we have

1
|ij|<; (./:1-27 ey M R0m= ’Rm+l.m=0)'

[N

Performing a summation by parts gives

A j Z g(01m9 )( ~jm R/+l.m) Dn(U)dU
Ion

j=1

=J‘l {Z (g(gzmvU)_g(ejfl.m’v)) R/m} Dn(D)dU.

=1

Since, by (5.2),

g(ejm’ U)—g(ej-l,m’U)=¢(0jm*v)_¢(01—1.m7 ) ¢( jh1’0)+¢(

(5.6)

(59)

—1m»

0),
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y (5.4), (5.8), and (5.9), we conclude that

m

1
[4;] < Z ;05C2(¢, [jfl,MXIOn)J

1
(n + —) dv
i=1 fon 2

m—1 1

S 4 _.—-'OSC2(¢7 IijIOn)' (5'10)

o Jt1

Analogously, we can see that
l[4dl <7 ) 7 05C2(®: Tom X 1) (5.11)

k=1

and

|45l <m Z OSCz(¢ Topm X Iyn). (5.12)

By (5.2), we have

g(”’ U)_g(ejm’ U)_ (u 0kn)+g(0/m, Okn)
=¢(H,U)—¢( jm>s ) ¢(u ekn)+¢( jm> Bkn)’

and, by (5.4), estimate as

A » Lim In d d
[Ag| < ]; AZ 0sCy(@, 1, x I, f,/m ., 9/m u dv
71'2 m n 1
e —08Cy(@, L, X 1)
4,';1 kgl JeTTEE :
<n? ————osc L < Iy 5.13
jzl kzl J+1 (k+1) 2(¢ Ji k) ( )

Performing a single summation by parts, while using notation (5.7), we
obtain that

Tkn

{Z Im’v) ( jmaekn))( j+lm)} Dn(L’)dU

Jj=1

n M: || [\/J=

J; { Z (g(ejnn v)_g(ejm’ Okn)_g(ej— L,ms U)
20,1 Or)) R,»m} D, (v) do. (5.14)

640,713-9
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Since, by (5.2),

( jms U) ( /m,ekn) g(gj-lm’U)+g(0j71,m79kn)
¢( /m’ ¢(91m’0kn) ¢(0j—l.m’v)+¢(0j—l,m, Okn)a

from (5.8) and (5.14) it follows that

A | T
Al € —oscy(@, I, | %1y, dv
- j§1 kél J L k)'[lknzgkn
IS Loscrd Iy pmx L)
x5 . 0SC .m n
2j=1 k=1-/k 2 1 k
m—1 n 1
<7 ——————08Cy(@, [, X I,)- 5.15)
EO &, G o Inx s ‘
Similarly, we can find that
m n-—1
Agl<n ————————08Cy( @, L,y X L1y ) 5.16)
45 ,Zlkzo</+1)<k+1) A6 L xTi) (5.16]

Keeping notation (5.7) in mind, we may write

z Z jm, Hkn R'm - Rj+ l,m)(Rkn - Rk+ l,n)’
1 k=

j=

whence a double summation by parts gives

9= Z Z {g( jmo Hkn (Gj—l.m’ ekn)_g(ojmy gk—l,n)

j=1 k=1

+8(0; 1> i 1)} R Ricn

C ST (6O, Oe) = B0, 1 O — $(Bps B 1.0)

j=1 k=1

+ 66,1 Ok - L)} R, Ry,

(cf. (5.2)). Thus, from (5.8) it follows that

[4o| < Z Z OSC2 (6,1 J— tm X L1 ,)

=1 k=1J
m-—1 n—1

=2 X

moscz(qﬁ, JmXI,m). (5.17)
=0 k=0
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Combining (5.3), (5.5), (5.6), (5.10)—(5.13), (5.15-(5.17) yields
Al <1424 5) T 5 iy o ) (519

In order to estimate B,, and C, in (5.1), it is enough to apply Lemma 2,
which gives

N ol
<(1+-) Y — L0V 1, 5.19
|Bm|<<1+n>i§0j+loscl(¢( L0}, 1,,) (5.19)
and
|C|<(1+1> Z L osey(d(0, ). 1,.) (5.20)
nl ~= - k=0k+1 1 s s Ljp )e .

Now, combining (5.1), (5.18)-(5.20) results in (3.1) to be proved.

Proof of Theorem 3. We fix m and n, and set

ik
M, =Y 5 oscyd, I,,x1,) (j=0,1,.,mk=0,1,.,n). (521)

i=0 /=0

We also define a function M(u,v) on the rectangle [n/(m+ 1), n) X
[n/(n+1), =) by

M(uav):=Mjk fOI' (ll U)E[ J+1Lms 9/+2m X[9k+l.m9k+2.n)’

which is I, , , x I, ., apart from the top segment and the right segment
bordering the rectangle, and for j=0, 1, ., m—1; k=0, 1, .., n— 1. Clearly,

(Mo,
if j=k=0,

OSCZ(¢’ ym X Ikn) = <

if j=0 and k=1,
My—M; \—M;_ +M,_,_,
\ i sik=L

A double summation by parts shows that
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S = Z Z

o ks U+ 1Mk +1)
m—1 n—1 l 1 1 1
=2 XM <+1 '+2>(k 1 k 2>
/=0 k=0 J J + +
1 mz! 1 1
+ M'n . . s A
n+1,§0 ’<1+1 _1+2)
1 2! 1 1
- M| ———
+m+1k o ""<k+1 k+2>

Mmu (522)

s D)

Osc’ ¢5 m X Ikn)

We will use very simple properties of the two-dimensional
Riemann-Stieltjes integral. We rely on the facts that M(u, v) takes on
constant values over a finite number of nonoverlapping rectangles with
sides parallel to the coordinate axes and that the functions (—1/u4) and
(—1/v) are continuous and nondecreasing for u, v > 0. Therefore, the right-
hand side of (5.22) can be rewritten as

b4 n x | 1
E = G TN T, M(u,v)d<_;>(_z)
s 7 |
m J.Blm M(u, 0n.n+|)d(—;>

M(gm,m+la v)d<_l>

+

T

=
Tt Dt e
M

+(m+1)’(nr’;+1)' (5.23)

v

In

First, we consider two arbitrary partitions
Om=a,<a, < ---<ay=n and 0,,=b,<b, < - <by=m,

where p and g are positive integers. By (5.23), we obviously have that

1
Z'""S(mﬁ-l)(n+1)

S LR TN ) v
(a;, —— -
j=0 k=0 »ok ajy 4 beir by

1
‘+'7f Z M(aj’en,n+l)< —l)

j=0 T N

qg—1 1 1
+n Z M mm+l’bk)< __>+an}- (524)
bk+l bk
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Taking into account definitions (1.1), (1.2), and notations (3.2), (5.21),
we infer in turn that
M(a;, b,) < vary ([0, a1 x [0, b ]) = Va4, a;, by,
M(a,, 0, )<vary(d, [0,4,1x [0, n])= V4, a;, 1),
M(em,m+l’ b )< Vi(é, m, by),
M, < V,(4, m, ).

Second, we choose p:=m, q :=n,

i s .
a; :=m and b, :=k+ I (j=0,1,..,mk=0,1,.,n)

From (5.24) it follows that

i
(m+ )(n+1)

A5 L)L e )

j=1 k=1

+ 2”: VZ <¢’ n, E)+ V2(¢a n,n)}
= k

T S v ( ":) (5.25)

(m+1)n+1 PR

Zmn S

Third, it remains to apply Lemma 3 in order to obtain the two estimates

Z —osc1(¢( 0), _Z < ?) (5.26)
and
2": 7 05¢) (#(0, -), 1,,,)) < ; ( %) (5.27)

Substituting (5.25)-(5.27) (see the definition of 3 ,,, in (5.22)) into the
right-hand side of (3.1), we conclude (3.3) to be proved.
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